A four-dimensional primitive equation model for coupled coastal - deep ocean studies by Haidvogel, Dale B.
rw ~2'.~ 
WHOI-81-90 


















{"-"\ 1\ . 
- ~ [__.-:• I"'· ~~ ~ 'j 
..,. "\• '""~ ... 
en r~~t 
--=----
A FOUR-DIMENSIONAL PRIMITIVE EQUATION MODEL 
FOR COUPLED COASTAL - DEEP OCEAN STUDIES 
by 
Dale B. Haidvogel 
October 1981 
TECHNICAL REPORT 
Prepared for the National Aeronautics and 
Space Administration under Grant NAG 5-8. 
WOODS HOLE, MASSACHUSETTS 02543 
........ 
WHOI -81-90 
A FOUR-DIMENSIONAL PRIMITIVE EQUATION MODEL FOR COUPLED 
COASTAL - DEEP OCEAN STUDIES 
by 
Dale B. Haidvogel 
WOODS HOLE OCEANOGRAPHIC INSTITUTION 
Woods Hole , Massachusetts 02543 
October 1981 
TECHNICAL REPORT 
Prepared for the National Aeronautics and Space Ad-
ministration under Grant NAG 5- 8. 
Reproduction in whole or in part is permitted for 
any purpose of the United States Government . This 
report should be aited as : Woods Hole Oceanog. Inst. 
Tech. Rept. WHOI- 81- 90. ~ 
Approved for Distribution : f..c._ ut:: ;r 
IIII~IIU~Iii~ll'mll~lmllm~l 
0 0301 0040804 3 
~ralenl1ne Wo rth1 ngt on, Chairman 




2. Model Equations 
-1-
TABLE OF CONTENTS 
3. Sigma (stretched vertical) Coordinate System 
4. Numerical Di scretization and Solution 























Table I: Normalized RMS Model Errors in Streamfunction (~) and Velocity 
(u,v) After One Period for Nonlinear Topographic Wave Solutions . 
Table II : Required cpu Time Per Model Time-Step on a VAXll-780 . 
-3-
ABSTRACT 
A prototype four-dimensional (x,y,z,t) continental shelf/deep ocean 
model is described. In its present form, the model incorporates the ef-
fects of finite-amplitude topography, advective nonlinearities, and vari-
able stratification and rotation. The model can be forced either directly 
by imposed atmospheric windstress and surface pressure distributions, and 
energetic mean currents imposed by the exterior oceanic circulation; or 
indirectly by initial distributions of shoreward propagating mesoscale 
waves and eddies. 
To avoid concerns over the appropriate specification of "open•• bound-
ary conditions on the cross-shelf and seaward model boundaries, a peri-
odic channel geometry (oriented along-coast) is used. The model employs 
a traditional finite-difference expansion in the cross-shelf direction, 
and a Fourier (periodic) representation in the long-shelf coordinate. 
A modified sigma coordinate system, and a Chebyshev-tau approximation 
scheme, are used to incorporate the vertical dependence. 
The model has been validated against a variety of propagating top-






acting as preferred locations for oceanic frontal formation -may con-
tribute strongly to the maintenance and form of that heat flux . A proper 
definition of the role of the continental margins in closing the general 
ocean circulation is ultimately relevant , therefore, to a broad range of 
questions, including local oceanographic and gl obal air-sea interaction 
(i.e., c limate) prob lems. 
Recent observational evidence in the near-shore and deep ocean re-
gions suggest three plausible mechanisms for she lf/open ocean coup ling . 
The first is the aforementioned mean alongshore pressure gradient (be-
lieved to be) imposed at the outer edge of the shelf by the exterior 
large-scale circulation. Such a pressure grad i ent, and its extension 
across the narrow shelf , is thought to drive the mean southwestward flow 
in the Middle Atlantic Bight and thereby to support the observed shelf-
slope front (Beardsley and Winant, 1979). Second are near ly linear, low 
frequency motions--thought to be topographic Rossby waves--which, gener-
ated in the deeper ocean, are directed shoreward and propagate onto the 
continental s lope. The most complete description of the properties of 
these l ow frequency motions has been synthesized from data taken at 
Site 0, a long- t erm observing location s ituated on the continental rise 
north of the mean axis of the Gulf Stream. Results at Site D indicate 
most of the low frequency energy to be associated with periods of a week 
to a few months and with a shoreward energy flux. Thompson (1977) offers 
a review. Finally, mixing and/or transport of properties across the shelf-
s lope boundary i s associated with intense eddy motions impinging on the 





intermittent, are strong ly energet ic and have been observed to account 
for sizable local heat and momentum exchange [e.g., see Smith (in press)]. 
Such intense mesoscale features can often be seen, and their penetration 
of shelf waters monitored, by satel lite infrared imagery (Ring Workshop, 
1977). 
Theoretical and numerical studies of linear topographic Rossby waves 
incident from the open ocean onto the continental slope have been made 
(Kroll and Niiler, 1976; Ou, 1979). Results suggest that linear wave 
mechanisms are unlikely to be quantitatively important in the coupling 
of shelf and open ocean circulations. At the present time, therefore, 
the 11best-guess 11 scenario is that: (1) longshore pressure gradients im-
posed by the exter ior circu l ation are instrumental in supporting mean 
shelf currents; and (2) energetic eddy motions provide significant 
transient exchange of heat and momentum across the continental s lope. 
A numerical model, using primitive equation dynamics, has been devel-
oped to begin to investigate the details of this continental shelf/deep 
ocean coupling. The dynamic equations and physical assumptions of this 
model are quickly rev i ewed in Section 2. A sigma coordinate system for 
the vertical dependence is then introduced (Section 3), and the resulting 
four-dimensional problem (in x,y,o and t) is discretized for efficient 
and accurate solution (Section 4) . Test problems are examined in Sec-
tion 5 to determine mode l accuracy and cpu requirements. 
2. Model Equations 





can be written: 
au 1 a ( + ) + a ( au) ar + ~ • vu - fv = - ; ax P Pa a-z v a-z 
0 
av 1 a ( + ) + a ( av) 
-r + v • vv + fu = - ; 0 ay P P a az v az a -
a P + U • VP 
at = 
a ( ap 
-az K az) 
~ = az - pg 
~ + ~ + aw 
ax ay az = 0, 
where, in standard notation: 
and 
(u,v,w) = (x,y,z) components of vector vel ocity v 
P = density 
Pa = imposed (atmospheric) pressure 
f = f 0 [1 + e(y)] = Coriolis parameter 
g = acceleration of gravity (acting vertically downwards) 
(v, K) = vertical diffusive coefficients for horizontal 






Equations (1) and (2) express the momentum balance in the x and y direc-
tions, respectively. The time evolution of the density field, p(x,y,z,t), 
is governed by the advective-diffusive equation (3). Lastly, equations (4) 





and t = t 
In the stretched system, the vertical coordinate a spans the range -1 ~a 
~ 1; we are therefore left with a domain of regular shape. As a trade-off 
for this geometric simplification, however, the dynamic equations become 
somewhat more complicated. The resulting dynamic equations are, dropping 
the carats: 
au 
-- fv = at - v . vu - ~ [ !_ (h r1 p dcr) - (1 - cr) P ~] 2p0 ax a ax 
(10} 
1 a 0 + 4 a ( au) p ax p -:2 aa \1 acr 0 h 
~ + f = - v . vv - !a- [ !_ ( h f 1 p dcr) - ( 1 - cr) p ~ ] at u p
0 
ay a ay 
( 11) 
1 a o + 4 a ( av) 
-
-ayP h2ac; \1~ Po 
ap 
at = - V • VP + 4 !_ ( K !e._) h2 acr acr ( 12) 
:x [hu] + :Y [hv] + h~ = 0 acr ( 13) 
where the vertical velocity in sigma coordinates: 
1 ah ( ) ah ( w (x,y,cr, t) = h [(1-cr}u ax+ 1-cr v ay + 2w x,y,z,t)] . 
p0 is the net pressure at z = 0- the sum of the imposed atmospheric 
pressure and the "reaction pressure" due to the presence of the rigid lid. 
Note also that the dynamic press ure has been eliminated from the equations 




In the stretched coordinate, boundary conditions (6-8) become: 
sidewalls (y = 0, LY) v = 0 (14) 
top (a = 1) (2v) ~ 0 = T (x,y) h aa X 
(2v) 2.::!_ 0 
h aa = T y (x,y) (15) 
( 2n) !£. 0 = , (x,y) h aa p 
and bottom (a = -1) (2v) ~ h = ' (x,y) h aa X or u = 0 
(~) 2.::!_ h = T (x,y) h aa y or v = 0 (16) 
(El) !£. h aa = 0 • 
Details of this coordinate transformation have been given by several 
authors -see, for instance , Owen (1980). 
4. Numerical Discretization and Solution 
(4a) Chebyshev Polynomial Basis Set 
In the vertical (a) direction, it is dynamically appropriate and 
computationally convenient to represent the motion in terms of a sum of 
its depth-averaged (external) and depth-varying (internal) components. 
To do so, we represent the vertical dependence of the dependent variables 
as an expansion in the polynomial set Pk(a): 
N 
(u,v,p,W) = r [uk( x,y ,t), vk(x,y,t), pk(x,y,t), wk(x,y,t)] Pk(a). (17) 
k=O 
We further require that J~1Pk(a) da = o0k -that is, that only the zeroeth 
"' 
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order polynomial have a non-zero vertical integral. 
The Pk(cr) expansion functions can be chosen somewhat arbitrarily . We 
choose to use a modified form of the Chebyshev polynomial of the first 
kind. In particular, we set: 
1 2 TO(cr) k = 0 
Pk(cr) = ~ Tk(cr) k ~ 1, k odd (18) 
\(cr) + 1 k ~ 2, k even . 
k2- 1 
Note that the Pk(cr) conform to the required integral property; further, 
since P0 (cr) is identically constant with depth, it represents the depth-
averaged component of the field. 
Further properties of the Chebyshev polynomial basis functions are 
summarized in the Appendix. 
(4b) Discretization in x andy 
Adopting a complex Fourier expansion in x, and a finite-difference 
representation in y, (17) becomes: 
Ll2-1 N 
(u,v,p,w)lmn E j= -LI2 E [ujmk(t), vjmk(t), pjmk(t), wjmk(t)] k=O 
0 < 1 < L 
-21TjXl/Lx p (cr) 
e k 
- -
0 < m < M 
- -
0 < n < N 
where, for instance, ulmn = u(x 1, Ym' on, t) . The locations of the 
equivalent "grid-points" associated with this expansion are given by: 
xl = 1 Lx I L 





and an = cos [n (N-n) I N] 
It should be noted that the assumed reality of the fields (u ,v,p , w) im-
plies the associated conjugate symmetry condition : 
* * * * [u., v., p., w.] k = [u ., v ., p ., w .] k. J J J J m -J -J -J -J m 
(4c) Evaluation of Spatial Derivatives and Vertical Integrals 
In representation (19), the semi-discrete form of the dynamic 
equations (10-13) can be written: 
--- fv = -(uo u + vo u + wo u) - ~ o [h I (p)] - (1-a)po h --- o p au n [ 1 ] 1 0 
at X y a 2pO X a X PO X 
+ 
42 0 ( \)0 u) h a a 
= A 
(20) 
~ + fu = -(uo v + vo v + wo v) - _g_ [o [h I1(p)] - (1-a)po h) - l_ o p0 
at x y a ZPQ y a y PO y 
+ 4 
-:zoa("o v) h a (21) 
= B 




and o ( hu) + oy(hv) + o (hw) = 0 ' X a (23) 
where it is understood that the equations are to be evaluated at the grid-





Here, ox, o and o , and I1(p) denote the discrete forms of the dif-Y a a 
ferential and integral operators occurring in the continuum equations (10-
13) . They are evaluated as follows : 
( i ) ox : 
(ii) oy : 
Derivatives in the x-direction are computed by direct Fourier 
synthesis using a one-dimensional discrete Fast Fourier Tr ans-
form (FFT) . Thus, a forward transform, followed by a multi-
plication of the resulting Fourier spectrum by (-2nij/Ly) and 
lastly, an inverse transform yields the desired x derivative . 
Derivatives in they-direction are computed using the tradi-
tional centered, second-order finite-difference approxima-
tion , except at the edges of the domain (the channel walls) 
where an uncentered (one-sided) second-order formula is used . 
and (iii) o and I1(p) : y a 
Both derivatives and integrals in a can be implemented by 
constructing the appropriate matrix transformation- i . e. , 
for instance , the matri x which transforms a given vertical 
column of point values into the values of the derivatives at 
those points . These transformation matrices are easily con-
structed by reference to the known properties of the Cheby-
shev basis functions Pk(a) . The structure of these matrices 
is discussed in the Appendi x. 
(4d) Time-Stepping : Depth-Integrated Transport 
Taking k = 0, equations (20-23) describe the time evolution of the 
depth-integrated flow field . In particular- s ince WlmO(t) = 0; i .e., 
the depth-averaged vertical velocity vanishes - the k = 0 transport field 
• 
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[hUlmO' hV 1mOJ is horizontally non-divergent by (23). Taking advantage 
of this property, we introduce the horizontal mass transport streamfunc-
tion ~lm(t), where 
[ u ( t ) • \1 ( t ) J 1 mO = [-0 y ~. 0 x ~] 1 m · 
Taking the curl of the momentum equations (20) and (21) in the usual way, 
we obtain a vorticity equation for the depth-integrated flow field: 
~t l;lm = :t [ox0x ~ + 6iy~ - ~ ( 0xh) 1JJx - ~ ( 0yh) ~y]lm = 
f f hlm [ox (h) ~Y - 0y (h) ~x + 0x8o - 0yAO]lm (24) 
= 
01m 
Note that (A0)1m and (B0)1m are the depth-integrated components of the 
cumulative right-hand side terms in equations (20) and (21). This comporr-
ent is obtained from the associated physical space (vertical) distribu-
tion of values by a simple matrix transformation - see the Appendix. Not 
only does the introduction of ~ automatically guarantee horizontal non-
divergence, but it elimi nates the pressure gradient term associated with 
the (unknown) reaction pressure supported by the rigid lid. A solution 
to equation (24) is fully prescribed by specifying the (constant) bound-
ary values of~ on the channel walls -that is, by setting: 
~10 (t) = ~0 (t) and ~lM(t) = ~M(t) • (25) 
The vorticity equation (24) is advanced in time using a second-order 
Adams-Bashforth approximation. The resulting fully discrete equation is: 
z:; q+1 - z:; q + lm - lm 
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(3~t) 0q _ (~t) 0q-1 2 lm 2 lm (26) 
where q is the time step index. By applying a forward transform in x, the 
Helmholtz-like equation (25) - and associated boundary conditions (25) -
can be reduced to a sequence of (M-2) x (M-2) complex triagonal matrix 
equations, one for each Fourier component (j) in the x expansion. These 
triagonal equations can be efficiently solved to yield the updated stream-
function field $~~1 . 
(4e) Time-Stepping~ Internal Ve l ocity Modes (1 ~ k ~ N-2) 
The (N-2) lowest order internal modes of the velocity distribution -
that is, (u,v)lmk for 1 ~ k ~ N-2- can be obtained by direct time-step-
ping of equations (20 and (21). Using an Adams-Bashforth time-step on 
the right-hand side terms A and B, and a Crank-Nicolson approximation on 
the Coriolis terms, we get: 
[ _ (f~t) Jq+1 _ [ + (fllt)]q + (3~t) Aq _ (~t) Aq-1 u 2 v 1 mk - u 2 1 mk 2 2 
(27) 
= Glmk 
[v + (f~t) u]q+1 _ [v _ (f~t)]q + (3~t) 8q _ (~t) 8q-1 2 lmk - 2 lmk 2 2 
( 28) 
= Hlmk 
where the indices 0 ~ 1 ~ L, 0 ~ m ~ M and 1 < k ~ N-2. The straightfor-
ward algebraic solution to these equations is: 
q+1 2 
ulmk = (G + aH)lmk/ (1 + a ) (29) 
and q+1 2 vlmk = (H- aG)lmk/ (1 + a ) ( 30) 
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time step (q+1) by the methods outlined above, the vertical velocity field 




= -h- 1a [t\(hulmn) + 6y (hvlmn)] 
lm n 
(32) 
where 0 ~ l ~ L, 0 ~ m ~ M and 1 < n < N-1 . In the sigma coordinate sys-
tem, w1m0 = wlmN = 0. 
5. Model Performance and Evaluation 
The numerical model described in the preceding sections has been 
val idated on a variety of simple test problems for which analytic 
solutions are available. Re sults for one such representative class of 
tests are given next . 
With uniform rotation and density (f = f 0 and p = 1) , and with the ex-
ponential bottom profi le h( x, y) = H0e-2aY, nonlinear topographic wave 
solutions of equations (20-24) can be found . The solutions are depth-
invariant ; hence, they can be written explicitly in terms of the trans-
port streamfunction. The analytic solution is : 
1/ia (x,y,t) = e-ay sin (njy/Ly) i(kx-wt) e ' ( 33) 
with the accompanying dispersion relation 
w = - 2f0ak I (k
2 + j2 + a2) . ( 34 ) 
The transport components (hu , hv) can , of course , be recovered from the 
solution for 1/i by the diagnostic r elations (uh , vh) = (-1/i , 1/i ) . y X 
Fo r the topographic wave test problems , the following nominal values 
for the dimensional parameters have been used: 
-19-
( i ) along-channel length 
( i i ) cross-channel length 
( i i i ) depth at y = 0 
( i v) Coriolis parameter 
and (v) constant density 
Lx = 108 em = 1000 km 
7 L = 5 x 10 em = 500 km y 
4 H0 = 5 x 10 em = 500 m 
-4 -1 f 0 = 1.0 x 10 sec 
p -3 _ 1 gm em 
The choice of a specific analytic solution Wa (x,y,t) involves the speci-
fication of three phys ical parameters. These are: the along-channel wave-
number, k; the cross-channel mode number, j; and the topographic e-folding 
scale length , a. Having chosen these parameters, the frequency of the wave 
follows from (34). 
In ascertaining the accuracy with which the numerical model recovers 
the nonlinear wave solutions (33), the important non-dimensional computa-
tional parameters are: 
and 
( i ) 
( i i ) 
( i i i ) 
(Number of points in x/x wavescale) = L/k 
(Number of points in y/y mode scale ) = Mk/j or M/al y 
(6t I wave period) = 6tw/2n 
Since the analytic solution is depth-invariant, there is no obvious 
meaningful measure of the formal accuracy of the a expansion. However, it 
will be important to note any spurious generation of higher modes (k > 0) 
by the numerical model ; since these modes identically vanish for the 
analytic solution, we hope that they remain small in the model solution. 
Table I shows the results of these analytic tests . As well as the 
relevant parameter values, the table lists the normalized RMS differences 
between the model-generated and analytic wave solutions for w, u and v 
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These topographic wave tests have been run at the Woods Hole Oceano-
graphic Institution on a VAXll-780 system. Calculations were carried out 
primarily in-core, with a minimum of 11 paging 11 • The required cpu time per 
model time step is shown in Table II as a function of spatial resolution . 
These figures indicate that execution time increases roughly linearly with 
the number of horizontal grid points , and perhaps slightly more rapidly 
with the number of vertical expansion functions. To put these cpu times in 
an appropriate perspective , a two-month simulation us i ng a (32 x 49 x 5) 
grid, and a time step of 0.1 day would require roughly 3.5 cpu hours on 
the VAX, and much less on a more powerful machine. Even on a machine like 
the VAX, however, this cpu requirement is modest. 
Prototype test problems characterized by non-trivial vertical struc-
ture have also been run, with roughly comparable error levels. Taken to-
gether, these results indicate that the four-dimensional model described 
here can be used to provide accurate and efficient numerical exploration 
of coastal/deep ocean coupling and physics. 
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Required cpu Time Per Model Time-Step on a VAX11-780 
Seconds cpu 
L M N Per Time Stee 
16 25 5 5.9 
16 49 5 11.9 
32 49 5 21.8 
16 25 10 13.9 
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P0(- 1) P1(-1) • • •• PN(-1) 




p 0(1) P1(1) •• •• PN(1) 
Considering nn and nk to be column vectors , it is easily seen that 
Fnk = nn 0 < n, k < N (A . 5) 
and , hence , that -1 F nn = nk (A. 6) 
The identical approach can be used to form matri x operator s wh ich 
perform a vertical derivative or integral . For instance , 
4!1. (a ) = o n = On (A 7) ua n a n n • 
where 
I I I 
P0(-1) P1(-1) PN(-1) 
D = 
I I 
Pa(a1) p1 (a1) P~(a1 ) I F-1 (A. B) 
I I I 
P0 ( 1) P1(1) ••.• PN(l) 
I d d and Pk(a) = da Pk(a) = do \(a) (A.9 ) 
= 
n s in (n9) 9 = cos- 1(a) 
s1n 9 
1 














)1 0 1 1 
l (1 - 0 n) 2 
1 2 
- (1- a ) 2 n 
[
cos (n+l)x 
2 ( n+ 1) 
( cos (n+l)x 2 (n+1) -
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k = 0 







cos (n-l)x ) 
cos (n-l)x ) 
2 (n-1) 
1 
+ (1 - on) (k2 -1) 
F-1 (A. ll) 
(A. 12) 
0 
I -1 ( ) 
cos 0 n 
0 
k > 1, odd 
' -1 ( ) cos on 
k > 1, even 
As described in Section 4, the tau approximation replaces the dynamic 
equations for k = N-1, N- that is, those which dictate the dynamical 
evolution of the highest two vertical modes -with the two boundary 
conditions at top and bottom (a=~ 1) . The implementation of the tau 
method proceeds as follows. Suppose that our time-stepping scheme has 
provided values of n~+l (0 ~ k ~ N-2), but that our boundary conditions 
require that 
n ( -1) = 0 
-27-
and 
-*(1) = y 
Then, 
r~-1 (-1) PN(-1)][ n~~~ J [ - ~ ~-1) ] 
P~(l) n~+1 = PN-1(1) Y - da( 1) (A. 13) 
r·1 k = 0, ••• , N-2 where A nk nk 0 k = N-1, N (A. 14) 
The algebraic equation (A.13) is readily solved. Note that the same seq-
uence of steps leading to (A.13, A.14) yield similar simple expressions 
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